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Abstract 

We find the potential per unit length between two non-intersecting Dl- 
branes as a function of their relative angle. 
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This calculation is a generalization of the calculation of the amplitude between 
two parallel D-branes IQ. First we quantize a free field theory with the appropriate 
boundary conditions and then compute one loop annulus amplitude in the operator 
formalism. This computation resembles the case of the open strings in the background 
electromagnetic field [0. However, in our case, there are no boundary terms in the 
Lagrangian, which described the interaction between the string and the background 
field. 

Let X*(0,r) = 0,i = 2. .9 be the equation describing the position of the first 
D-string and X^(7r,r) — X^(7r,r)tan« = 0,X-'(7r,r) = Y,j = 3.. 9 be the equation 
for the second one. In this notation, a is the relative angle and Y is the minimal 
separation between D-strings.The boundary conditions then look like 

d^X\0,T) = 0, 
X\0,t) = 0, 
d^X^{7T, t) + (9^X^(7r, r) tana = 0, 

X2(7r,r)-Xi(7r,r)tana = 0. (1) 



From the boundary conditions and the wave equation we have 

Xl{T + vr) - X\{t - tt) = - tana(X|(r + tt) - X|(t - vr)) 
(Xi(r + vr) + Xi{r - tt)) tana = Xl{r + tt) + X|(r - tt) 
Xl{r) + Xl{r) = Q 
X]j(r)-Xi(r) = 0, 



(2) 



where dot means the derivative with respect to the argument. These functional 
equations can be solved for Xi ^ and integrated, yielding the mode expansion: 



= —7=Y^ [antpn + h.c] 

where the functions -i/'nand 0^ are 
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We choose < - < 1. Let Ua = n + - . 

The quantization of this free theory with nontrivial boundary conditions can be done 
using the method of @. Consider operators 

1 ^ 

Cii = — (i 9r +tana 5(7r - o-)) (5) 

and 

C22 = ^(^ 9r -cota5(^-a)). (6) 
It turns out that functions -i/'n and 0„ are orthogonal in the following sense: 

1 - 1 

- / da tprnOiiiJn = T^sign Smn, 
TT Jo / 



1 
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da 0mO220n = "SigU Ua Smn- (7) 



Moreover, 



^signm^/o^ X^, ) 



Oil W 
O22 M 0™ 



a-m = ^signrriaJo (icr | ( (pm ) ^ ^^^^ j ( X2 ) j ' 

Writing a„ explicitly, and substituting the expression for the momentum, 
PA' = ^^rX^', we have: 



1 /■'^ 

;=^signm„ / da{-maXi{a)iJm{cr) - i7rPi{a)iJrn{cr) + 
271 Jo 

imaX2{a)(t)m{cf) - nP2{a)(f)m{cr)). (9) 



Note that in this formula the boundary terms cancel. We can now get the commuta- 
tion relations. The result is: 

[a]^ , a„] = sign UaSmn- (10) 

From these commutation relations we conclude that 

creation if ri > 

destruction if n < . . 

+ I destruction if n > 
creation if n < 
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Now we find Virasoro operators, : 

Lm^- rif^"^ : r++ : +e-*"^^ : T__ ■.)da. (12) 

TT Jo 

Substituting the T++ = \{X + X'Y , T__ = \{X - X'f we have 

— [ : (X'^ + X"^) : cos mfrda + - / : X • X' : sin mada. (13) 
27r Jo TT Jo 

The final expression is 

1 1 , 

Lm= '^"((^ + ^)^y '■ anOn+m ■ ■ (14) 
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Reahty of Ta/s requires that Lj^ = -^-m- To find the structure of the algebra of these 
operators, let's return to Poisson brackets, [a, 6]pb = —i[a,b]. Also, we introduce 
operators = \/n^an. We then have 

kez 

[al^an]ph = -i sign n^y^n^) 5mn = -iriaSmn- (16) 

From this we find 

[Lmi Ln]ph = ^('^ ~ 'n)Lrn+n- (17) 

Therefore the generators Ln satisfy Virasoro algebra. Now let us return to the quan- 
tum mechanics. In general, the central term of this algebra is A{n) — c^n^ + cin. 
Consider 



< 0|[Li, L_i]|0 >= < 0|Q;_iQ;5aLiQ;o|0 >= — 1 = C3 + Ci, 

TT V TT/ 

< 0|[L2,L_2]|0 >= < 0|(Q;J)a_2 + a\a_i){a}_2aQ + q;^LiQ;i)|0 >= 

= l-2f-y + 2- = 8c3 + 2ci. (18) 

VTr/ TT 

From this we find that 

The central charge can be brought to the standard form ^(n^ — n) by the redefinition 

a ( a\ 

Lo^Lo + — 1-- . (20) 



271 V TT 
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Taking into account the transverse oscillators, an equation for a physical state is 

Lo-l + ^(l--))\^P>=0. (21) 



27r V TT 

Consider the superstring action in RNS formulation: 

S^-^ [ d^d^X'^d'^X^ - (22) 
Zn Jt, 

Now we vary this action with supersymmetry transformations, 

S^j = -ip^daX^e, SX^" = s^Ij^. (23) 

Naturally, the bulk term of the variation vanishes, and we are left with a boundary 
term: 

^S^^ L d'^'^^o.pefJ'p'd.X^^,. (24) 

Our goal is to determine fermionic boundary conditions if the bosonic ones arc spec- 
ified. To do this, we have to eliminate half of the d^X^ at each boundary, using the 
boundary conditions for bosons. Specifically, in our case, 

SS^^ [ drep^p-^d^X^'ip.. (25) 

ZTT Ja=0,TT 

At (7 = 0, 

diX^^O, doX^^O. (26) 
Writing the contribution for the first two coordinates only, 

5S^ [ dr(ep^p°^idoX^ + ep^p^^2diX^) = 0. (27) 

Since doX^ and diX"^ are arbitrary, we conclude that at this boundary 

ep^p^i/ji = 

ep^p^ij2 = 0. (28) 

These arc two equation for four variables: £^V''i^2> ^^'^12- To complete the system 
we have to use the boundary conditions on the other end, a = tt: 

iPid^X^ + i^2daX^ = (- tan a^i + V'2)9<.X2 
ipidrX^ + ij2drX^ = (^1 + tan aip2)drX\ (29) 
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where d^X'^ and d^X^ are now arbitrary. This gives the last two equations: 

ep^ p^ijpi + tanQ;'02) = 
ep^p^{'i/j2 — tanaipi) = 0. 

: 7 and ie^ 



Using the fact that e is the same at both ends and denoting —is 
we have the following equations: 

(3^)1 ij + tt) — 7'0f (r — tt) = — taxi a{j3ip2{j + tt) — ■yipQ^i^r — it)) 
{(3ipi{T + tt) + ■yipi{T — tt)) tana = /?'0^(t + vr) + ^1/^2 i'^ ~ ^) 
^^2ir)+f3i^t{r) = 



(30) 



Now we observe that they exactly coincide with equations 
provided if we identify 

X«(T-a)^7V';(T-a) 
X^^(r + a)^/3^+(r + a). 



(31) 

for bosonic coordinates 



(32) 



The choice R versus NS boundary conditions translates into the ambiguity of the 
choice of the order of product = versus f3if)~^. The further computations 

are the same as for bosons, in particular, satisfies the equation 



-02" {r + 47r) =F 2 cos 2a^2" (r + 2n) + ip^ (r) = 0, 



(33) 



where the upper sign corresponds to R and lower to NS boundary conditions. The 
solution for such an equation is again the same as for equation, except that 
c(r + 2tt) = — c(r) in NS sector. Now we can write the mode expansion: 



-id„ 



_j_gi?iQ (t+ct) 



CC 



ina(T+a) 



+ CC 



(34) 



where the upper sign and A = Z corresponds to R and lower sign and A = Z + ^ 
corresponds to NS sector. In the Ramond sector consider the expressions 



^1^ - ^1 = UnaZ 

-^2 = EneZ 



-iUadnCpn + CC 
1 

Uadn-ipn + CC 



(35) 
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Therefore, we can find dn using formula (^) for bosonic coordinates, replacing Xi — >■ 
1^2 — '02') ^2 i^t ~ i^i ■ Similarly to bosonic case, we find commutation relations. 
The result is 

{dm, dn} = 0, {d^^, dn} = S^n- (36) 

From here we can choose 



dn 
di 



creation if tt, > 

destruction if ?7, < , , 

destruction if n > 

creation if n < 



This identification correctly reproduces usual creation and annihilation operators in 
a = limit: 

dn = j^id\ + ldln)- (38) 

The fermionic part of Virasoro operators is 

= ^ E ("^ + 2"") ■■ dndl+n ■■ ■ (39) 

Here, unlike NN or DD strings, the worldsheet hamiltonian Lq contains do and djj, 
and therefore, 

{Lo,4} = -4 (40) 

In particular, 

Lo4|0 >= -4|0 >, (41) 

71 

meaning that part of the ground state degeneracy is now removed. Similar computa- 
tion to the bosonic case shows, that the Poisson brackets of Virasoro operators obey 
classical Virasoro algebra. Now we can find the central charge. 

< 0|[lS'^\lL1]|0 >= i (2f - l)' < 0\d_,dldoaUo >= i - f + (f)' , 
<0|[Lr\LL1]|0>= .^21 
=< 0|((f - l)d_24 + f - l)dodU + ^d,dU)\0 >= ^ > 

= l + 2(f)'-2f. 

Adding the bosonic contribution, we get 



6 



Therefore, the central charge is unaffected, A{n) = = |n^. Let us now turn to NS 
sector. Examining the equations shows that the commutation relations and Virasoro 
generators are the same as in R sector, with sums over integers replaced by the sums 
over half-integers. This changes the central charge. 



<0|[4'^\LL1]|0>=i + 2(f 



(44) 



The central charge is 



1 3 / I a 



A{n) = -n' + + -j n. (45) 

Again, this is brought into the standard form ^{n^ — n) by the redefinition 

^0 ^ ^0 + ^- (46) 

This means that after taking into account the contribution of 8 transverse modes, the 
normal ordering constant in NS sector becomes 



We are looking for the quantity 



^ = Tr log ^ (48) 



where Lq includes the normal ordering constant. In bosonic case 

roo (If 

A=-T{0) + J^ jTTe~'^°. (49) 

Using the bosonic part of the expression given in ||^ and substituting X^, X"^ contri- 
bution and new normal ordering constant, we get 



X 



(50) 

X n^=l(l - - (/^("-f - g2{n+f ))-!_ 

In this formula, T is the total time of interaction, or the volume of time-like NN 
direction, Y is the minimal separation between the branes and q = e~2. 

In the superstring case, Tr 1 = because of the supersymmetry and A is finite, 
which after taking into account the GSO projection and the sum over spin structures 
takes the form 

^ = E c.,Tr(-)^^e-*^^r (51) 

a,b=0,l 
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Here F is the world-sheet fermion number a = 0, 1 labels NS and R sectors respectively 
and and the coefficients in the sum over spin structures are cqo = — cqi = — cio = 
±cii = |. We obtain 

A = TJ^ f(27rt)-5e-i^(l-g2v)-ix 
X n~ i(l - - g'("-^))-Hl - g'("+^))-'x 

X i {-8(1 + ) n- i(l + (/2")6(1 + g2{n+f + ^2(n-f (53) 

n^=i(l + g'"-^)'(l + q2("+^)-i)(1 + )-!)+ 

+9"'+^ n^=l(l - g'"-^)'(l - ?2("+^)-1)(1 - g2(n-f _ 

In this formula the ffist term in curly brackets stands for R sector while the second and 
the third - for NS without and with {—)^ respectively. We can rewrite the amplitude 
using ^-functions defined in the appendix 8. A of 0. The result is 

(53) 

X {{-0l{0\r)62iiy\r) + ^i(0|r)^3(/^|r) - ^|(0|r)^4(i^|r)} . 

Here r = ^ and i/ = 

A similar result was given in the paper 0. However, it turns out to be essential 
that the normal ordering constant in NS sector is angle dependent to get the structure 
in curly brackets of (|53D so that the amplitude would vanish by the "abstruse identity" 
for parallel branes. This amplitude is infinite for a = n due to the contribution of 
9i{—t\t). Explicitly, 



^ = 2zT/ (27rt)-2^^/(r,z.), (54) 
JO t sm(7rz/j 

where the divergent part is displayed. It would also be infinite for parallel branes, but 
the expansion of the fermionic contribution in (^) starts as for small alpha. These 
infinities are due to the fact that the amplitude describes the interaction between the 
entire D-strings, which is reflected by the fact that in the usual cases of parallel D- 
branes it is multiplied by the infinite volume V/j. A finite quantity is the potential 
per unit length, V, which can be defined by 

1 

A=^= d/V(a,r2 = F^ + sin2a/2), (55) 
v27r^ J-oo 
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where r denotes the minimal distance between the hne element dl of the tilted D-string 
(at (T = tt) and the D-string at cr = and the integration is along the tilted D-string. 
This potential is the analog of the effective potential for moving DO-branes 0. From 
this definition, 

9, ^ f°° dt , ,1 * r2 sin a „, , , . 

V{a,r^) = 2zT / - 2^ - e'^S^-— -/ r, . 56 
Jo t sm(7rz/) 

As a check we can find a force per unit length at large Y for antiparallel D-strings: 

^=dY^Y^- 

In derivation of this formula one should notice that at a = tt only — 2^4(0 |r) remains 
in the fermionic part of the potential after using Jacobi identity and then small 
t expansion can be performed after using modular transformation properties when 
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